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Abstract
Transition from the acoustic noise in the radiation dominated universe to the density
structures in the matter dominated epoch is considered. Description, performed in the
orthogonal gauge, is based on the identity of the propagation equations for both the
gravitational and the density waves in the early universe. Stochastic properties of the
initial acoustic field are adjusted to the hyperbolic type of the sound propagation equation.
Parallels to the gravitational waves theory are emphasized. We show that the Lichnerowicz
conditions at the decoupling set the specific initial data, due to which the perturbations
grow faster than the pure growing modes do.
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1. Introduction
The simplest models of transitions between different cosmological epochs [1] – [5] have played
their great role in understanding amplification of both the scalar fields and gravitational waves.
Typical universe models of that class consist of three phases: 1) semiclassical phase, which
is commonly identified with de Sitter stage, 2) radiation dominated epoch featured by the
equation of state p = /3, and 3) the matter dominated era when pressure is negligible p = 0.
Transitions between them are assumed to be instant. Continuity is required from both the
perturbations and their first derivatives as usually in the case when fields are governed by the
second order differential equations. The physical meaning of these toy-models is close to that
of simple exercises with the particle scattering on rectangular potential barriers in quantum
mechanics. Asymptotic results at infinity weakly depend on the barrier profile, so we hope,
that in more realistic cosmology the perturbation amplitude in the remote past and the far
future should marginally render the transition details.
Although the basic scheme looks simple, the actual model may encounter several difficul-
ties. Controversies about matching conditions for gravitational waves in the transient epoch
[6]–[10] show that the correct construction of the gauge invariant tensor perturbations in the
universes with the instant change in the equation of state may be fairly complex task (see also
[11]–[13]). It is even easier to formulate this problem for scalar perturbations [14]–[26] where
the gauge choice is made relatively to the matter flow. The matter four-velocity distinguishes
some families of characteristic hypersurfaces like hypersurfaces orthogonal to the fluid flow, hy-
persurfaces of the zero shear or hypersurfaces of constant expansion [16]. Each of these families
is a well defined geometrical object (invariant under the coordinate transformations) and may
serve as a global gauge with clear physical interpretation [16], [17], [22]. Procedures proposed
elsewhere [15], [19], [20], [21], [26] involve local gauge-invariant measures of inhomogeneity: the
density or expansion gradients projected on the flow-orthogonal hypersurfaces. Both method
are essentially equivalent [27]. The choice of the hypersurface family (one of the listed above) is
basically the subject of convention and depends on perturbations’ physical properties we want
to examine.
The gauge freedom breaks down in the universes with the instant change in the equation
of state, where the transition hypersurface Σ defines its own “synchronization of time”. This
surface, as defined by the physical phenomenon, is no longer the subject of our choice. To fulfill
the Einstein equations on the surface Σ the appropriate matching conditions must be satisfied
[28], [29] (in the cosmological context see [6], [9], [30]). If Σ coincides with the one of the
mentioned above hydrodynamical hypersurfaces (orthogonal to the fluid flow, the zero shear
surface etc.) the jump in the pressure prefers one of the previously defined gauges and satisfying
the matching conditions is relatively simple. Otherwise, the construction of the gauge-invariant
transition model may be essentially difficult.
Stimulated by the polemics on the exit from inflationary era [9],[10], we return to purely
classical problem of transition from the radiation to matter dominated universe. The pertur-
bation behavior, particularly the scalar ones, in this transition is the central problem of the
structure formation theories. The model with the instant change in the equation of state from
p = /3 to p = 0 is treated as an introduction to more sophisticated descriptions [31]–[35]. It is
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mentioned in textbooks as “simple and instructive” (eg. [36]), nevertheless one can hardly find
in the literature its solution fulfilling rigorously both the matching conditions and the demand
of the gauge invariance (in the sense of [30]). Actually, as we show in this paper, even in the
simplest case, when the vorticity vanishes and the transition between epochs coincides with a
hypersurface orthogonal to the fluid flow, the solution takes a fairly complex form. To make
the model as simple as possible we restrict ourselves to the spatially flat universes. In our
analysis, like in the gravitational waves theory [2], discontinuity in pressure will play the role of
the “potential barrier” — with one exception, that the scalar perturbations (in contrast to the
tensor ones) form waves only on the one side of this “barrier”. We base on the exact solutions
both prior and after decoupling. No approximations are made, so we also do not limit ourselves
to the regimes of long or short waves.
We start with the acoustic noise (the most random initial state) in the radiational era and
investigate its transition to density structures in the matter dominated epoch. We pay attention
to the compatibility of the stochastic properties of the acoustic field with the hyperbolic type
of the perturbation equation. Therefore, in the same way as in the gravitational waves theory
[2], [37]–[40] we identify the space of elementary events with the linear space of travelling plane
waves (compare also quantum phonon approach [41], [42], [43]. Acoustic power spectrum defines
the initial perturbation state in the radiational era and the space-distribution of inhomogeneities
at any moment of the universe history is obtained (by use of matching conditions) as the
uniquely defined function of this spectrum.
There is a vast literature investigating scalar perturbations at the recombination and de-
coupling in more realistic models of the transient epoch (see [35] and references given there).
Numerical analyses have given much insight into the evolution of inhomogeneities in the ionized
expanding environment. The results are not unique and depend on: (1) details of the recom-
bination process that are taken into account [35], (2) on the definition of the inhomogeneity
measure1, (3) on the construction of the initial conditions for the density perturbations field.
The model presented here is good to examine the last two problems, and for obvious reasons
cannot settle controversies mentioned in [35].
We are aware of the fact, that this paper deals with the classical subject, which have been
intensively investigated in the first half of XX century. Yet we believe, the theory now deserves
some recasting. Before Sachs and Wolfe [44] obtained travelling waves as the exact solutions
for density perturbations of any length-scale (!) the comprehensive analysis of the gravitational
stability or the perturbation spectrum had not been possible. On the other hand, before
gauge- invariant theories were formulated in the eighties, the Sachs-Wolfe solutions (which
clearly falsify the traditional Jeans “criterion” — see also [45]) might be mistakenly perceived
as the peculiar result of “inappropriate” choice of the reference system. In consequence, this
physically important result, even though confirmed independently [41], [42] in the Field-Shepley
formalism [46] still plays a minor role in the concepts of universe structure formation.
We disregard inflation, non-baryonic dark matter and the classical or quantum fields in the
squeezed states. On the other hand, we derive benefits of experiences of the gravitational waves
theory, as both the gravitational waves and scalar perturbations in the early universe resemble
1by setting different perturbation norms one may create or not the phenomenon of acoustic peaks — see [34]
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each other. The principal aim of this paper is to obtain a consistent, purely classical model
founded on the exact solutions, and containing the minimal number of free parameters.
The structure of the paper is following: In the Section 2. we remind exact solutions to
perturbation equations in both radiational and galactic era employing orthogonal gauge. In
the Section 3. we construct the 2-epoch model with the instant transition in the equation
of state, by use of the Lichnerowicz conditions. The Section 4. is devoted to the stochastic
properties of the acoustic field. Finally, in the Section 5. we investigate the time evolution of
the spatial spectrum of cosmological inhomogeneities. The paper is supplemented by two short
appendixes containing the elements of the Hamiltonian formulation, and the description of the
role of decaying modes in the structure formation process.
2. Density perturbations in the RW universe
2.1. Basic equations
There are several independent methods to describe scalar perturbations in the gauge-invariant
way [14]-[26]. All of them lead to nearly the same results. For the universe filled with the
ideal fluid with non-vanishing pressure the density perturbations form travelling waves. Under
appropriate choice of the perturbation variables [47], the propagation equations converge to a
single wave equation, which is independent of the gauge invariant method. Below we consider
rotationless fluid, hence the hypersurfaces orthogonal to the fluid flow can be globally defined.
In this specific case one can refer to geometrically simplest formalism by Lyth-Mukherjee [22],
[23], [24], which is based on the orthogonal gauge. In this gauge the linear corrections to the
energy density and the expansion rate evolve according to
∂tδ(t, x) = −P0δϑ(t, x)− 0δϑ(t, x)− ϑ0δ(t, x) (1)










where corresponding background quantities are the functions of time 0 = 0(t), P0 = P0(t).
The equations (1), (2) are derived from the Raychaudhuri and the continuity equations by use
of the standard linearization procedure and under replacing the proper time by the orthogonal
time. The orthogonal time guarantees the equal (position independent) time distance between
orthogonal hypersurfaces.
Let us assume now that the universe is filled by the single fluid with the equation of state
P/ = w = constant, where the value of w determines both the evolution of the background
metric (unperturbed universe) and the sound velocity for small perturbations. We express the
energy density and the expansion rate as the composition of the background energy values 0,
ϑ0 and the small inhomogeneous correction δ = 0X(t, x), δϑ = ϑ0Y (t, x)
(t, x) = 0(t)(1 + X(t, x)) (3)
ϑ(t, x) = ϑ0(t)(1 + Y (t, x)) (4)
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Transforming system (1), (2) to the second order propagation equation for X we obtain the










∂tX(t, x) + ∂
2
t X(t, x) (5)
with the background evolution given by ϑ0(t) =
2
(1+w)t















∂ηX(η, x) + ∂
2
ηX(η, x) (6)
The conformal time η is defined here as the integral
∫ 1
a(t)
dt of the scale factor reciprocal over the
orthogonal time t and (3)∆ stands for the Laplace operator in 3- dimensional Euclidean space.
Equation (6) can be solved analytically by use of Fourier transform. Actually, we are interested
in two special cases w = 1/3 (radiation- filled universe) and w = 0 (matter-domination epoch).
The equations governing the evolution of the linear perturbations in the Robertson-Walker
universe (5), (6) (and consequently below (7)) do not contain the gravitational constant G. This
is so, because in the problem called gravitational instability the gravitation and its destabilizing
role manifests solely for unperturbed homogeneous background. (This refers also in the case
of non-vanishing space curvature where the constant G is formally present in the equations).
The perturbations itself do not gravitate (neither interact one with the other), what is the
basic property of the linear regime, but evolve as acoustic waves in the expanding gas medium
(compare [48])). Under appropriate circumstances (suitable expansion of the gas container),
the same type of the perturbations propagation might be achieved in the laboratory.
As mentioned in [47] the perturbation equations obtained in other gauge invariant for-
malisms can be reduced to equation of the form (5) by suitable changes of variables (and with
different meaning of the variable X and the time parameter). For reader’s convenience we list
again the necessary changes (the convention: author, reference, formula, original notation →
X; is employed below): Sakai [14], formula (5.1),K → X; Bardeen [16] formula (4.9), ρm → X;
Kodama and Sasaki [18] chap. IV, formula (1.5), ∆ → X; Lyth and Mukherjee [22] formulae
(16–17), δ → X; Padmanabhan [24] Eq. (4.88), δ → X); Brandenberger, Kahn and Press [17]
formula (3.35), ΦH/ρa
2 → X); Ellis, Bruni and Hwang [21] formula (38), D → X). Transfor-
mations of these equations to conformal time (if parameterized differently) are necessary.
2.2. Radiation dominated universe
In the universe filled with highly relativistic matter the scale factor a(η) evolve as linear function
of the conformal time: a(η) =
√
M/3 η, and preserve M = 0a4 as the constant of motion.




(3)∆X(η, x) = −2X(η, x)
η2
+ ∂2ηX(η, x) (7)
Equation (7) is compatible with the best known gauge-invariant formalisms [47] and is essen-
tially the same as the propagation equation for gravitational waves in the dust-filled universe
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[49], [50]. It reduces to the wave equation in its normal form
1
3
(3)∆X̂(η, x) = ∂2ηX̂(η, x) (8)





Variable X̂(η, x) is the orthogonal-gauge analogue to the Field-Shepley variable φ [42], [46], or




















depending on two arbitrary functions F1 and F2. Solutions X̂(η, x) and X(η, x) expand into
Fourier series in the way appropriate for masless scalar fields [52],
X̂(η, x) =
∫







(Akuk()(η, x) +A∗ku∗k()(η, x))dk (13)
The modes uk()(η, x) are simply
1√
2ω
ei(kx−ωη), while uk()(η, x) can be found by replacing X̂(η, x)
















The generic perturbation X(η, x) is composed of travelling plane waves uk() with decreasing
amplitude. (Similar solutions are known in the theory of gravitational waves [50], and scalar
field [51].). Fourier coefficient Ak = −iωAk is an arbitrary complex function of the wave
number k, while X(η, x) keeps real values. The frequency ω obeys the dispersion relation
ω2 = k2/3, hence waves of all length-scales propagate with the same phase and group velocity2
(compare [42], [44], [45]). Modes uk(), although different from the simple eikonal form, are still
orthonormal in the sense of Klein-Gordon scalar product.
2.3. Matter dominated universe
In the epoch of matter dominance m = 0a
3 is the constant of motion and the scale factor evolves
as a(η) = mη
2
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∂ηX(η, x) + ∂
2
ηX(η, x) = 0. (15)
2This is not the case of open or closed universes, where sound are dispersed on the space curvature [47].
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Vanishing pressure implies the absence of the Laplacian operator, consequently, the general
solutions consists of growing and decaying modes, both profile-independent, i.e. involving two
arbitrary functions f1 and f2:
X(η, x) = f1(x)η
2 + f2(x)η
−3 (16)








where the coefficients ak and bk are arbitrary complex functions of k.
3. Matching conditions in the transition epoch
Consider now the two-epoch cosmological model composed of both, radiational epoch (governed
by the equation of state p = /3), and succeeding epoch of the matter domination (with p = 0).
Below, the quantities related to these two epochs will appear with the indices (1) and (2),
respectively. We assume that the transition between both epochs is instant and occurs on the
hypersurface Σ orthogonal (in any point of the space) to the four velocity uµ of the matter
content.
Apparently one may demand the continuity of X (for instance X = δ/) and its time
derivative ∂X/∂η as the matching conditions at Σ. This is the standard procedure for the
second order equations (also employed in cosmology see [36] p. 473). However, the choice of
the perturbation variable is a subject of convention. (The choice of δ/ is purely traditional.)
In the linear regime one may employ equivalently δ, δϑ, δϑ/ϑ in the orthogonal gauge (or local
gauge invariant variables) and construct for them appropriate propagation equations. For each
of these variables the matching conditions, defined as the continuity of both the function and its
time derivative, would lead to physically different results (for similar conclusions see [6]). This
ambiguity comes from the fact that these propagation equations do not form the fundamental
field equations (like Maxwell equations for E and H). The fundamental ones are underlying
Einstein equations, where the matching conditions are defined uniquely by the Lichnerowicz
conditions [28], [29], [30].
The initial Cauchy conditions are unique and consistent on the hypersurface Σ if the first
and the second fundamental forms are equal [29]
hµν (1)(Σ) = hµν (2)(Σ), (18)
χµν (1)(Σ) = χµν (2)(Σ). (19)
Subscripts (1) and (2) refer to both half-spaces divides by Σ. For unperturbed background it
implies the continuity of the scale factor a(η) and its first derivative
a(1)(Σ) = a(2)(Σ), (20)
∂ηa(1)(Σ) = ∂ηa(2)(Σ). (21)
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where ηΣ denotes the moment of the transition, and M is the constant of motion M = 0a4(1)
of the radiation filled universe.
The situation is only slightly more complicated in the presence of perturbations. From
(18, 19) one can easily find that the energy density  and the expansion rate ϑ are continuous
on Σ. Indeed, the energy density  is related to the induced curvature R(3) and the second
fundamental form by [29]
2 = R(3) − (χµµ)2 − χµνχµν (24)
The Ricci scalar R(3) on Σ consists of the metric form hµν(Σ) and its space derivatives, so R
(3)
alike hµν(Σ), is continuous in the transition. χµν is continuous on the strength of (19). As
a consequence, (24) ensures, that  is continuous. On the other hand the continuity of the
expansion rate ϑ(t) comes directly from the same property of the second fundamental form
χµν . Eventually, after retracting unperturbed values 0 and ϑ0, the density perturbations obey
δ(1)(Σ) = δ(2)(Σ), (25)
δϑ(1)(Σ) = δϑ(2)(Σ) (26)
where
δ(η, x) = 0X(η, x), (27)





as derived from (1) and (3). This is important to note that the time derivatives of  and ϑ may
jump, therefore neither δ′(η) nor X ′(η) = (δ(η)/)′ are continuous on Σ.
The starting point to investigate acoustic fields and structures they produce in the two-epoch










This wave, while falling on Σ, generates on the “other side” of the transition surface the mixture













The two coefficients ak and bk are uniquely determined from (25, 26). Indeed, evaluating (27,
28) for the perturbation (29, 30) and investing the matching condition (25, 26) one obtains



















The frequency ω refers to the acoustic wave in the radiational epoch, and is related to the wave
number k by the linear dispersion relation ω = k/
√
3. In the epoch of the matter dominance
the perturbations lose their wave character, therefore it may be more adequately to parametrize
them by the wave number k, which has a well defined meaning in both epochs. Now, the modes











































The second independent solution consists of complex conjugates of uk(,1) and uk(,2). We will
include it later on to restore the complete Fourier basis.
As we see the spectral decomposition Ak uniquely determines the perturbation evolution on
both epochs. This means that by setting Ak in radiational epoch we also uniquely define the
time-scales and the length-scales for the structure formation in the matter dominated universe.
4. Random acoustic fields
Acoustic field in the early universe is shaped by thermodynamic or quantum phenomena acting
prior and during radiational era. Their probabilistic nature evokes stochastic processes.
As discussed in Section 2.2. propagation equation (8) is solved by arbitrary functions F1(ξ)
and F2(ζ) of variables ξ = x − η√3 and ζ = x + η√3 . The solutions to (8) consists of both the
right and left-moving waves. Equation (8) is invariant under translations ξ → ξ + ∆ξ and
ζ → ζ + ∆ζ, and therefore, the straightforward extension of X̂(η, x) to random acoustic field
consists in setting a stochastic process homogeneous in the broad sense in ξ and ζ variables (on
the sound-cone). Processes homogeneous in the broad sense, called also the weakly homogeneous
processes, keep their mean value and variance (standard deviation) invariant under translations.
The two-point autocorrelation functions for them are functions of the distance between points
solely — not of these points positions [53].
Processes homogeneous in the broad sense have their Fourier representations [53]–[55] i.e.
the expansions in the form (12), where the integral is understood as the stochastic integral,
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k′] ∼ δ(k − k′) (35)
E[Ak, Ak′] = 0 (36)
and reverse, each process obeying (35, 36) is homogeneous in the broad sense.
Relations (35, 36) have very clear physical meaning. The first of them renders the statistical
independence of waves with different wave-vectors. The second one means that phases of
perturbations at any moment and any place are statistically independent. Altogether they
assure statistical independence of waves moving in different directions.
The process homogeneous in both ξ and ζ is also homogeneous in η and x. Homogeneity
in space form a stochastic version of the cosmological principle, homogeneity in η (processes
homogeneous in time are called the stationary processes) reflects the fact that the propagation
of X̂(η, x) does not feel the expansion of the universe4. In this way two important properties
of the acoustic field: homogeneity of the stochastic process and the statistical independence of
contributing plane waves occur to be mutual consequences, one of another. The third important
property is that the field X̂(η, x) and its canonical momentum p̂ = ∂ηX̂ are uncorrelated at any
flow-orthogonal hypersurface (see Appendix A), in particular they do not correlate in scales
larger than horizon.
The same stochastic process can be also expressed in X(η, x) variable. With help of the
random Fourier coefficients
E[AkA∗k′] = Pk δkk′ (37)




Akuk()(η, x) +A∗ku∗k()(η, x)
)
dk (39)
We assume that the power spectrum of the acoustic noise Pk depends solely on the norm
of the wave vector and not on its direction. The perturbation is generic — no additional
constraints neither any ordering mechanisms have been introduced. The construction of random
acoustic field is identical to the construction of random field of gravitational waves in the matter
dominated universe [2], [37]–[40]. It reflects the equivalence of the propagation equations for
both these classes of perturbations. This is also compatible with the quantum phonon treatment
[41], [42].
Modes uk() while regularly extended to both sides of the transition hypersurface Σ define
a stochastic structure (by means of integral (39)) in the matter dominated universe. The
commonly used measure of this structure is the two-point autocorrelation function
R(η, h) = E[X(η, x + h)X(η, x)] (40)
3Ak itself form a stochastic process in k with so called orthogonal increments [54], [55]. Note that non-
homogeneous processes, may not have their Fourier representation.
4The equation (8) for X̂(η, x) is formally expressed in the conformal space-time {η, x}, which is static.
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plays the role of the structure space-spectrum and uk()(η, x) are modes defined by (33, 34)
extended to both epochs prior and after the transition. In this way acoustic noise in radiational
era with a given spectrum Pk determines uniquely (via Lichnerowicz conditions) the spatial
spectrum of inhomogeneities pk(η) at any stage of the structure formation process.
5. The spectrum transfer function
5.1. The density structure
Projecting operator T
T (η, k) = 2uk()u
∗
k() (43)
converts the acoustic spectrum Pk into the spatial-spectrum pk(η). Operator T (η, k) carries the
entire time dependence of cosmological inhomogeneities. The so called transfer function δ/δi is
often used in the similar context to express the perturbations increase relative to their initial
amplitudes. Fitting to this traditional name we will call the operator T (η, k) the spectrum
transfer function. Investigating the spectrum instead of the amplitude time dependence we
get rid of the coordinate problems 5. The spectrum transfer function is real and independent
of the reference system. In particular it is invariant under unitary transformations of Fourier
bases. Quantity defined like that forms the perturbation measure close to that used by Press
and Vishniac [34], but fairly different from that of Peebles and Yu [56]. Employing extended

























(1 + η˜)−6 +
3(10− 3k˜2)
25








η˜ means the normalized time parameter η˜ = η/ηΣ and the k˜ is the modified wave number
k˜ = kηΣ/
√
3 which measures the number of oscillations within the horizon of sound on Σ. We
hold the factor
√
3/k in both T(,1) and T(,2) to keep modes uk(,1) orthonormal in the sense of
the Klein-Gordon scalar product in the radiational era. This is easy to check that the spectrum
transfer function is continuous on Σ.
5The transfer function is not very precisely defined in the literature. If δ = δ/ means just local density
excess, the transfer function δ/δ(i) is position-dependent and carries little information about global perturbation
behavior. If δk = (δ/)k means the Fourier coefficient, the ratio δk/δk(i) is the complex number. Finally, if we
limit ourselves to its real value Re(δk/δk(i)) we select standing waves (incomplete solution basis).
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5.2. The velocity structure
Another aspect of the acoustic perturbation is the peculiar velocity, which forms an indepen-
dent cosmological observable. Altogether, the density perturbations and peculiar velocities
determine the state of the universe inhomogeneity. Both quantities are independent on the
initial hypersurface, but are related to each other during evolution.
The orthogonal gauge realize the commoving system of reference, where the four velocity
is globally chosen as u = (1, 0, 0, 0), therefore one cannot describe the peculiar velocity field
directly. However, the velocity field can be measured well by the expansion rate ϑ = ϑ0 + δϑ,
it manifests as the deviation δϑ from the homogeneous Hubble flow ϑ0 = 3H. Modes of the



















δϑ play its role in the matching conditions, as the Lichnerowicz conditions demand from both
the density and expansion fields to be continuous at the transition. (Their time derivatives
my undergoes discontinuity.) The expansion contrast Y = δϑ/ϑ can be expressed as a Fourier
integral
Y (η, x) =
∫
(Akuk(ϑ)(η, x) +A∗ku∗k(ϑ)(η, x))dk (47)
















































)−3 eikx− ikηΣ√3 . (49)
In the close analogy to the density perturbations one can express the peculiar velocities (per-
turbation in the expansion rate) in terms of the space autocorrelation or spectrum. This time
R(η, h) = E[Y (η, x + h)Y (η, x)], and the spectrum transfer function is given by formula (43)



























(1 + η˜)−6 − (10− 3k˜
2)
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Unlike the density spectrum, the spectrum of the expansion rate monotonically increases in
the radiation dominated universe (50, see also the behavior of modes uk(ϑ,1) — 48). This is
so, because the decrease in peculiar velocities is less than the decrease in homogeneous Hubble
flow. Increase of the expansion contrast Y with time is neutral for the acoustic approximation,
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as long as the gas velocities are small when compare with the sound velocity [57]. In our case
the acoustic approximation is valid when the contribution of terms quadratic in δϑ(η) to δϑ′(t)
(2) is negligible. In the late time limit it is assured by (46). Therefore, perturbation initiated as
an acoustic one remains acoustic during the entire radiational era, even though δϑ/ϑ increases.
5.3. Density and velocity structure — qualitative discussion
To visualize the spectrum behavior prior and after transition we normalize the spectrum transfer
function







to expresses the perturbation enhancement relative to its initial amplitude at ηi. Plotted in the
logarithmic scale (Fig. 1a, Fig. 1.b) it shows that the perturbations evolution is highly sensitive
to k˜. In both Fig. 1a, Fig. 1.b we start from ηi = 0.1ηΣ (η˜i = 0.1) to evaluate perturbation up
to ηi = 3ηΣ (η˜i = 3).
The large scale inhomogeneities (the ones, which are greater than the local sound horizon
k˜  1) decay in the radiational epoch (η˜i < 1). In this case the term 1k˜2η˜2 is dominant
in the transfer function T(,1)(η˜, k˜) and strongly decreases with time
6. Decay of the large
scale component is the generic feature of acoustic noise on the expanding radiation dominated
homogeneous background. In other words the homogeneity of the radiation filled universe is a
stable property at least as long as the generic perturbations are taken into account. This does
not contradict causality, because the expansion (39) sets the initial conditions on the Cauchy
surface (η = const) [29]. Similar phenomenon of the large-scale waves extinction is observed
in the scalar field theory [51]. Although the large scale inhomogeneities change substantially
during radiational era, their response to the change in the equation of state is very weak. Their
wave character vanishes at ηΣ, but the space-spectrum itself is insensitive to the transition (see
Fig. 1.b).
The low scale perturbations realize a different scenario. Their amplitudes kept constant
during radiation dominated epoch to blow up by several orders of magnitude at the transition.
For the inhomogeneities of the galactic order (M = 1011Ms) the spectrum transfer function is
on the level of 108, which means the 104 amplitude enhancement. The pressure discontinuity
excites the low-scale perturbations and their contribution to the spatial-spectrum becomes
dominant shortly after the transition.
As opposed to the density perturbations, the velocity magnitude does not change sig-
nificantly at the transition. The normalized transfer function for the expansion spectrum
Tϑ(η˜, k˜) = Tϑ(η˜, k˜)/Tϑ(η˜i, k˜) is shown in the Fig. 2. The expansion contrast increases sys-
tematically during radiational era and smoothly enters the epoch of the matter domination,
keeping nearly the same growth rate prior and after the transition. Substantial change in the
6The quadratic behavior of decreasing term is characteristic for orthogonal gauge. In the synchronous system
of reference this term decays stronger, namely as 1
k˜4 η˜4
. It can be easily derived in Field-Shepley formalism —
see formula (5.3) of [42] after substituting solutions of (4.7) and evaluating integral over η. Equivalently it can
be proved directly in the original Lifshitz formalism [58].
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velocity field concerns its phase. The figure Fig. 2b shows the difference in arguments of both
density and expansion modes δφ = arg(uk()) − arg(uk(ϑ)). In radiational era large frequency
modes, both uk() and uk(ϑ) are shifted to each other by pi/2 (compare also (48) and (29). This
effect is the generic perturbations property in the radiation dominated fluid [59], and is the
artefact of their acoustic character. Similar relation of phases can be also obtained on the
ground of the binding energy analysis [60]. After the transition the arguments of the density
and velocity modes differ by pi so their maxima are anti-correlated. The lowest expansion oc-
curs in the regions of highest density. The decaying modes have exhausted and the fluid flow
becomes potential [65].
From hydrodynamic point of view the transition from the radiational to matter dominated
epoch breaks down the acoustic approximation. The sound velocity instantly falls down from
v = 1/
√
3 to zero, and in consequence the velocity field formally becomes greater than the
sound velocity in each point of space. (In this way the structure formation have some aspects
characteristic for formation of acoustic shocks.) After pressure disappears the velocity field
takes the form of the free matter fall and builds matter aggregations in the kinematical way.
The self-gravitation processes do not switch on until linear regime fails. Kinematical structure
formation can be identified with velocity overshoot, which was discovered and investigated
numerically in the Newtonian regime [34], [61].
More intricate is the behavior of the low frequency modes. Solutions like that hardly
achieve the phase of potential flow (the argument shift is different from pi), and therefore
determining the density distribution on the ground of the velocity field is much more difficult
for them. Although in the radiational epoch their arguments do not differ on pi/2 this is purely
mathematical fact with no consequences for the wave structure of solutions. The reason is that
the peculiar expansion δϑ/ϑ does not form a momentum canonically conjugated to δ/ (even
though approaches it at the high frequency limit see Appendix A), and consequently, for low
frequencies the mode arguments lose information about the canonical phase of motion.
In both cases — the density and expansion fields — the spectrum transfer functions mono-
tonically increases with the wave number k. In particular the phenomenon of acoustic peaks
is absent. The absence of peaks is the characteristic feature of the random field build of the
statistically independent waves moving in different directions (it also concerns gravitational
waves, see [5]. The same effect appears in more sophisticated transition models investigated
numerically [34], if the perturbations norm include the complete basis of solutions (in this case
both the growing and decaying modes). On the other hand, as shown by [62], peaks may
appear in a pure radiation-filled universe model without evoking complicated recombination
processes, if one limits to growing modes (standing waves) with specific phase correlation. This
phenomena have been discussed in detail in terms of incoherent states of acoustic field [63],
[64].
6. Summary
The fundamental property of the density perturbations in the early universe is that they propa-
gate in the same way as sounds propagate in air or electromagnetic waves in vacuum. As shown
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by Sachs and Wolfe [44],[45] perturbations form waves travelling with the same speed v = 1√
3
independently of their scales or profiles, hence gravitationally bound structures cannot form in
radiational era at all. Perturbations do not self-gravitate in the linear regime, so the gravity
may affect their evolution merely by affecting the dynamics of the homogeneous background.7
The wave aspect of the density perturbations, independent of their scales, is confirmed in the
Hamiltonian formalism [41], [42], the gauge-invariant theories [47] (which we employed in this
paper), and in the original Lifshitz synchronous description [58].
The hyperbolic type of the propagation equation leads to the appropriate perturbations’
statistics. The probability is assigned to each monochromatic plane acoustic wave, like in
electromagnetism or gravitational waves theory [2], [37]–[40]. It may depend on the wave
frequency, but not on the direction of propagation, neither the phase of wave at any moment
or position. Random choice of such plane waves is equivalent to choosing the values of both,
the perturbation and its canonical momentum, at the initial Cauchy surface, as statistically
independent and uncorrelated quantities Appendix A.
Random character of the acoustic waves reflects in stability of homogeneous gravitating
environment. Perturbations larger than the horizon scale decay during radiational era, while
those well inside horizon keep their magnitude constant in time. This property holds in syn-
chronous system of reference [42], [58]. Similar decrease in amplitude occurs for the large scale
component of the scalar field [51]. Large scale homogeneity of the radiation filled universe is
stable against random density perturbations. As we can see, the stochastic phenomena and
the inflationary scenarios explain the universe large scale isotropy in different manner. Infla-
tionary cosmologies rely on the Misner’s idea of the chaotic initial data. This sort of the initial
inhomogeneities can be smoothed out solely inside the causally connected regions. Inflation
guarantees that the causally connected region we live in encompass whole the observed sky.
These scenarios remove the horizon problem, but do not provide any actual smoothing mech-
anism. On the contrary, the initial stochastic state is not the chaos but the acoustic noise. It
testifies for the existence of wide class of random initial data with uncorrelated fields and their
canonical momenta, which inherit the ability to large scale isotropisation (the same refers to
electromagnetic or gravitational waves). The particle horizon is still present, but is irrelevant
for the process of isotropization. In the same way horizon is no obstacle for Bianchi models to
approach the Robertson-Walker symmetry.
The theory presented here does not provide any form of the spectrum Pk, neither pk is
precised at this level. The spectrum transfer function T (η, k) is the monotonic function of k,
therefore, any maxima or minima in pk are directly related to analogous behavior of Pk. The
absence of acoustic peaks in the transfer function is another intrinsic property of random
acoustic fields.8
7Prior to Sachs and Wolfe theorem some different behavior of the large-scale perturbations had been expected.
Actually, as easily seen from the Sachs-Wolfe solutions, the perturbations outside the sound horizon realize 1/4
of their first oscillation cycle, so the oscillation is incomplete. Solely in this sense the perturbations larger
than the horizon do not oscillate. Other properties of the wave mechanics, in particular the phase and group
velocities, are preserved.
8Peaks in T may appear as a result of squeezed state of the acoustic field (squeezed states produce nonsta-
tionary fields, see [5].
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Essential cosmic structure formation occurs at the transition from the radiational to matter
domination era. At this transition the Lichnerowicz conditions set the specific initial data. To
match the random acoustic field at the decoupling, the growing and decaying modes of the late
universe contribute, in the short wave limit, with nearly opposite phases9 so neutralize each
other at Σ (Appendix B). After decoupling both modes diverge and the resulting superposition
grows explosively. Physically it means that the pressure decay from p = /3 to p = 0 at
the transition from radiation- to dust-dominated universe excite perturbations much lower
than horizon scale, while leave untouched the amplitude of those, which exceed horizon10.
Distinction between these two types of evolution is very sharp and the effect may be identified
with the “velocity overshooting” [61]. Inhomogeneities larger than horizon are insensitive to this
transition. For fundamental reasons they are also insensitive to all causal physical processes:
heat flow, dissipation etc. They are “fossils” from the remote past.
In the model with instant transition, we discussed here, there is only one characteristic
frequency ω = 1/ηΣ defined by the sound horizon diameter. Stretching the transition phase
to the finite time interval ∆η one would introduce the new characteristic quantity ω = 1/∆η.
One may also expect that the structure formation time-scale would lengthen considerably.
Substantial changes in the perturbations growth rates would come from dissipation, but this
process would not introduce the new characteristic frequencies. For the wide range of wave
numbers the relations between phases of the density and velocity fields will remain untouched
and keep the specific correlation of the growing and decaying modes at decoupling. Finally,
acoustic fields in squeezed state may substantially change the picture — they need a separate
consideration.
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Appendix A: Random acoustic field vs. random initial
data on the Cauchy surface
In the gravitational waves theory the moving plane waves contribute as statistically independent
objects and the “initial” state is defined by the spectrum of “gravitational noise” [37]–[40], while
in the theory of scalar perturbations the stochastics is applied strictly to the initial Cauchy
data on the t = const hypersurface [36], [65], [66]. It may be useful to know circumstances
under which, these two methods are equivalent.
The perturbation equation (8) written for X̂ describes the masless scalar field propagating
in the Minkowski background (with metric tensor ηµν = diag{−1, 1, 1, 1}). The equations of
9For similar conclusions see [59], [60]
10This behaviour is opposite to those of tensor perturbations. Similar transition in the equation of state will
amplify the large scale gravitational waves not affecting the small scale ones.
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and hence, the time derivative of X̂ form the canonical momentum
p̂ = ∂0X̂ = ∂ηX̂ (A2)
The state of the system (in our case the state of cosmological structure) is defined by setting
the field X̂ and its canonical momentum p̂ as two independent functions at any flow-orthogonal
hypersurface.
In the stochastic description both mechanical quantities X̂ and p̂ become the statistically
independent random variables. Their correlation reads
E[X̂p̂] =
∫ ∫





and therefore, it vanishes throughout the space if and only if the conditions (35–36) are
satisfied11. In this way the statistical independence of travelling plane waves constituting the
acoustic field is equivalent to statistical independence of field X̂ and its canonical momentum
p̂ = ∂ηX̂. The same result can be obtained in the formalism proposed in [41], as it follows
directly from the structure of the equation (8) not from the interpretation of the variable X̂.
Statistical independence does not hold, however, for X and its time derivative ∂ηX because
∂ηX does not form the canonical momentum of X.
Appendix B: Fine tuning of growing and decaying modes
at decoupling
The specific “correlation” of both growing and decaying modes, is necessary to match an acous-
tic wave on Σ (compare [60]). Indeed, the coefficients ak and bk given by (31, 32) fulfill
bk
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The perturbation composed in this manner meets the constraint δ(ηΣ) = −α8 ak < 10−6 for
arbitrary large ak if α(ω) is sufficiently small. (In the α → 0 limit the perturbation with any





















alone on the stage. Consequently the perturbation may enter
nonlinear regime in arbitrary short time (Fig. 3).
In the time when the pure growing mode doubles its amplitude the perturbation composed
of both the growing and decaying modes enhances by several orders of magnitude. As we can
see the pure growing modes actually form moderately increasing solutions, while the genuine
most rapidly growing density perturbations should be found among specific combinations of
both modes, the growing and decaying ones. Under these circumstances the matter aggregation
proceeds much more efficiently.
Neither decaying modes can be ignored in the low ω limit. For the large scale perturbations
1  ωηΣ the coefficient bk in front of the decaying mode overwhelms ak responsible for the












in this regime. This time decaying mode does not play any role in the formation of structures,
nevertheless may affect the observed MBR temperature fluctuations [44].
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The spectrum transfer function T˜ for the density perturbations (in logarithmic scale) as a function of
conformal time η˜. The family of solutions covers the wave numbers range log(k˜) ∈ [−1, 5] i.e. the lowest
curve on the diagram refers to the perturbation greater ten times than the sound horizon, while the most
upper one to the perturbation scale 10−5 times smaller. Point η˜ = 1 represents the transition from the
radiation to matter dominated universe.
Fig.1b
The spectrum transfer function T˜ for the density perturbations as a function of both, the conformal time
η˜ and the wave number k˜. The substantial increase of the low scale perturbations occur at η˜ = 1.
Fig.2
The expansion spectrum transfer T˜ϑ is the continuously increasing function of conformal time ( Fig.2a).
Instead, a sharp change in the perturbation phase occur at η˜ = 1 for the low scale perturbations (Fig.2b).
Prior to the transition the perturbations form waves, so the positions of the density maxima and the
minima of the expansion rate are shifted in phase by pi/2. After the transition the density maxima and
the expansion minima coincide throughout the space (δφ = pi), and the fluid flow become potential.
Fig.3
Perturbation X (thick black line) matching the acoustic wave at η˜ = 1, versus space coordinate x. Grey
lines denote the pure growing and pure decaying modes. The sequence of drawings covers the interval
η˜ ∈ (1, 1.5).
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